In this paper we show the validity of the method of upper and lower solutions to obtain an existence result for a periodic boundary value problem of first order impulsive differential equations at variable times. ᮊ
INTRODUCTION
There exist several papers about boundary value problems with impul-Ž sive effects at fixed points, but the different techniques employed for w x w x instance, limit arguments in 1, 3 , topological degree 10 , fixed point w x w x. theorems 9 or set-valued maps 2 do not seem applicable to problems with impulses at variable times.
Ž w x. Recently, some comparison principles have appeared see 4, 8 for impulsive differential equations at variable times. Our aim consists in applying these principles and introducing some new results in this direction to develop the method of upper and lower solutions in order to find an existence result for the following periodic boundary value problem with impulses at variable times, uЈ t s f t, u t , t g J, t / ␥ u t 1 Ž . where J s 0, T , f g C J = ‫,ޒ‬ ‫ޒ‬ , I g C ‫,ޒ‬ ‫ޒ‬ , and ␥ g C ‫,ޒ‬ ‫ޒ‬ .
We note here that we shall consider that f, ␥ , and I are smooth enough to assure the existence and uniqueness of solution for the initial value problem 
Assume that the following conditions are satisfied:
Denote by u t the unique solution of 1.1 , 1.2 , and 2.1 .
Proof. We shall divide the proof into two steps.
. Thus we can assume that at least one of them meets .
Since ␥ is increasing and ␥ 0 -␣ 0 , it is easy to see that ␣ t hits Ž . Ž Ž .. the curve first. Then there exists t g 0, T such that t s ␥ ␣ t .
Ž . As ␣ t F u t on 0, t and I x F 0, we can write
Ž .
. Now we prove that ␣ t hits exactly once. For it, set p t s t y ␥ ␣ t .
In other case, we find,
. using the mean value theorem, one point g ␣ t , ␣ t such that 1 1
Thus we obtain
Ž . Ž . As a consequence, p t ) 0, ᭙ t ) t and this implies that ␣ t does not
comparison principle for ordinary differential equations assures that
w . Ž . Thus we may assume that there exists t g t , T such that u t s
Now we shall show that
Suppose that 2.6 is not true. Since ␣ t F u t and I* is increasing, we 1 1
. Then there exists one point s g t , t such that ␣ s s I* u s and
Thus, using the condition H , we obtain
Ž . Ž . But this is a contradiction with 2.2 and hence 2.6 follows.
Ž . Reasoning as above, we may show that u t hits only for t s t and
This concludes the proof of step one. The proof of this step follows the same ideas that we have used in the first one. The main difference is the fact that the graph of the function ␤ can meet the curve several times.
Ž . Ž . Ž Ž .. It is easy to see that u t hits before than ␤ t . Set t s ␥ u t . We 2 2 have that
and the proof is complete. Ž . Thus, we may assume that there exists one point t g t , T such that 
following the same arguments employed 3 3 3 in step one. Ž . Now, we know that u t does not meet for t ) t , but the condition 3 
Ž
. Ž . H1 does not assure the same for ␤ t . Thus we have two possibilities:
In this case, we may prove that ␤ t does not 3 3 Ž q . Ž . Ž . sponding one in the first step, using the condition H instead of H . in view of the increasing character of I*. Ž Ž .. Ž . Thus, if we suppose that I* ␤ t -u t , we get a contradiction using 4 4 Ž . the hypothesis H in the same way that we did in step one. In conse-3 quence, we obtain
Ž . Ž . meet for t ) t and thus ␤ t G u t implies that ␤ t G u t for
Ž . Ž . Employing the same procedures successively, we may conclude that u t F Ž . ␤ t for all t g J, and the proof is now complete.
Remarks.

Ž .
1 It is easy to see that the conclusions of Theorem 2.1 remain valid 1 Ž Ž .. if we consider the function ␥ g C ‫,ޒ‬ 0, qϱ instead of assuming the
The same arguments employed in the proof of Theorem 2.1 Ž . permit us to show its validity when we consider several curves : t s ␥ x , k k ks1, 2, . . . , p and the corresponding impulses I satisfying the same k conditions that ␥ and I satisfy, respectively. For it, we need two additional assumptions:
We also note here that although condition H may seem very 0 Ž . restrictive to find the function ␤, if we take, for instance, ␤ t s c, a
Ž . constant such that f t, c F 0 on J, thus we easily have:
We may obtain a dual result when ␥ is decreasing and I g C ‫,ޒ‬ ‫ޒ‬ . We enunciate here this result and omit the details of the proof for it is very similar to the proof of Theorem 2.1. 
MAIN RESULTS
In this section we shall use the results obtained in Section 2 to show that the method of upper and lower solutions is valid to investigate the Ž . Ž . existence of solutions for the problem 1.1 ᎐ 1.3 .
First we shall introduce the concepts of upper and lower solutions for our problem.
Ž . 
Thus, P is continuous.
Now we are in a position to prove our main result. Ž . u t F ␤ t , for all t g J.
Ž .
Ž 
